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Abstract 



The purpose of this article is to view the Penrose kite from the perspective of 
symplectic geometry. 
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! Introduction 

The kite in a Penrose nonperiodic tiling by kite and darts [10^ [TT] is an example of a sim- 
^ , pie convex polytope. By the Atiyah, Guillemin-Sternberg convexity theorem [HIE], the 

J> ' image of the moment mapping for a Hamiltonian torus action on a compact connected 

■ symplectic manifold is a rational convex polytope. Moreover, the Delzant theorem [7] 
Q>^ i provides an exact correspondence between symplectic toric manifolds and simple con- 
vex rational polytopes that satisfy a special integrality condition; a crucial feature of 

■ this theorem is that it gives an explicit construction of the manifold that is associated 
. to each polytope. The Penrose kite, however, is the most elementary and beautiful 

^ I example of a simple convex polytope that is not rational. The purpose of this article is 

to apply to the kite a generalization of the Delzant construction for nonrational poly- 
topes, which was introduced by the second-named author in [12]. We recall that this 
r> I generalized construction allows to associate to any simple convex polytope A in (M'^)* a 

' 2 A: -dimensional compact connected symplectic quasifold. Quasifolds are a natural gen- 

eralization of manifolds and orbifolds introduced in [12] : a local n-dimensional model is 
given by the quotient of an n-dimensional manifold by the smooth action of a discrete 
group. In the generalized construction the lattice of the rational case is replaced by a 
quasilattice Q, which is the Z-span of a set of generators of M'^. The torus is replaced 
accordingly by a quasitorus, which is the quotient of M'^ modulo Q. The action of the 
quasitorus on the quasifold is smooth, effective and Hamiltonian and, exactly as in the 
Delzant case, the image of the corresponding moment mapping is the polytope A. 

In order to apply the generalized Delzant construction to the kite we need to choose 
a suitable quasilattice Q, and a set of four vectors in Q that are orthogonal to the edges 
of the kite and that point towards the interior of the polytope. The most natural choice 
is to consider, among the various inward-pointing orthogonal vectors, those four which 
have the same length as the longest edge of the kite, and then to choose Q to be 
the quasilattice that they generate. We remark that these choices are justified by the 
geometry of the kite, and, more globally, by the geometry of any kite and dart tiling. 



Research partially supported by MIUR (Geometria DifFerenziale e Analisi Globale, PRIN 2007). 



1 



Symplectic Kite 



2 



in the following sense. Let us consider the quasilattice R which is generated by the 
vectors that are dual to the generators of Q; notice that the generators of R are parallel 
to the edges of the kite. Then the quasilattice R contains the four vertices of the 
kite. Moreover, given any kite and dart tiling, if we consider one of its kites and the 
associated quasilattice R, then all of the vertices of the tiling lie in R and the Delzant 
procedure can be applied, with respect to R, to each kite of the tiling, giving rise to a 
unique symplectic quasifold Afg" (Theorem 15. 

The four-dimensional quasifold Mq turns out to be a very nice example of a quasi- 
fold that is not a global quotient of a manifold modulo the smooth action of a discrete 
group (Theorem 16. ip . as is the case instead with the symplectic quasifolds that have 
been associated to a Penrose rhombus tiling in [2]. 

Quasilattices arise naturally also in the study of the physics of quasicrystals. Qua- 
sicrystals are some very special alloys, which were discovered by Shechtman, Blech, Gra- 
tias and Cahn in 1982 |15j . that have discrete but non-periodic diffraction patterns. 
We remark that the quasilattice R describes the diffraction pattern of quasicrystals 
with pentagonal axial symmetry, which is prohibited for ordinary crystals [1]. Another 
symmetry that is forbidden for crystals but is allowed for quasicrystals is icosahedral 
symmetry. In this case too there is a quasilattice underlying both the structure of the 
quasicrystals and the suitable analogues of Penrose tilings in dimension 3. A symplectic 
interpretation of this case is given in [3] . 

The paper is structured as follows. In Section 1 we recall the classical construction 
of the Penrose kite and dart from the pentagram. In Section 2 we introduce the 
quasilattices Q and R and we discuss their relevant properties. In Section 3 we sketch 
the generalized Delzant procedure. In Section 4 we apply the procedure to the kite 
and we also describe part of an atlas for the corresponding quasifold. In Section 5 we 
show that each kite of any kite and dart tiling yields the same symplectic quasifold. 
In Section 6 we prove that this quasifold is not a global quotient of a manifold modulo 
the smooth action of a discrete group. Finally in the Appendix we recall and partly 
reformulate the definitions of quasifold and of related geometrical objects. 

1 The Penrose Kite and Dart 

Let us now recall the procedure for obtaining the Penrose kite and dart from the 
pentagram. For a proof of the facts that are needed we refer the reader to [9], and for 
additional historical remarks see [13j . Let us consider a regular pentagon whose edges 
have length 1 and let us consider the corresponding inscribed pentagram, as in Figured! 
It can be shown that the length of the diagonal of the pentagon is equal to the golden 
ratio, 4> = ^^./^ = 2 cos |. The polygon having vertices A, B, E and G is a Penrose 
kite, the polygon having vertices A, B, F and G is a Penrose dart, and their union is 
the Penrose thick rhombus having vertices E, B, F and G (see Figure [2|). Remark that 
the angles of the kite measure 27r/5 at the vertices B, E and G and 47r/5 at the vertex 
A. Moreover, the longest edges, EG and EB, and the longest diagonal, EA, have the 
same length, which is 1, whilst the shortest edges AG and AB have length !/</>. The 
angles of the dart measure vr/S at the vertices G and B, 27r/5 at the vertex F and G/Svr 
at the vertex A. 
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Figure 2: The Penrose kite, dart and thick rhombus 



Symplectic Kite 



4 



2 Quasilattices 

First of all let us recall the definition of quasilattice: 

Definition 2.1 (Quasilattice) Let y be a real vector space. A quasilattice in V is 
the span over Z of a set of M-spanning vectors Vi, . . . ,Vd of V. 

Notice that Span^jVi, . . . , Vd} is a lattice if and only if it admits a set of generators 
which is a basis of V. 

It is easy to see that, in a suitably chosen coordinate system, the unitary vectors 

' yi = (cosf ,sinf) = i(i,V2 + 0) 

Y2 = (cosf ,sinf ) = 1 

^3 = (cos f,sinf) = -iV2+?) 
^ y4 = (cosf ,sinf) = i(i,-V2T?) 

are orthogonal to each of the four different edges of the kite (cf . Figure [2]) . Now notice 
that Yq = (1,0) is given by Yq = -{Yi + Y2 + Y3 + Y^) (see Figure [3]). Therefore 

Yi 




Y4 



Figure 3: The star of vectors Yo,Yi,Y2,Y3, Y4 

{Yi, l2> ^4} and {10)^11^2)^3,^4} generate the same quasilattice, that we denote 
by Q, namely 

Q = Spa.n^{Yo,Yi,Y2,Ys,Y4}. (2) 

The quasilattice Q is not a lattice, it is dense in and a minimal set of generators of 
Q is made of four vectors. 

The quasilattice Q is naturally linked to the kite also in the following sense. Consider 
the vectors dual to Yi, 1^2) ^S) I4; they are given by 

' y,* = i(-V2 + 0,i) 

Y2* = U-lV2 + ^,-<P) 
Y,* = 1(1^2 + ^, -<P) 

y/ = 1(^2+^,1) 

Notice that, in the same coordinate system as above, the four edges of the kite are 
parallel to these four vectors, and that its vertices are contained in the quasilattice R 
that they generate. Notice that 

yo* = (o,i) 
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Figure 4: The star of vectors , Y{ , , Yg* , Y^ 

is given by 

^0* = -(^1* + ^2 + Y3 + ^4 )• 

Therefore {Y{ ,Y2 ,Y^ ,Y^} and {Yq ,Y{ ,Y2 ,Y^ ,Y^} generate the same quasilattice. 
We show the star of five vectors Yq ,Yi ,Y2 ,Y^ ,Yl in Figure [H 

Let us now show that this connection between the quasilattice R and the kite 
miraculously extends to any kite and dart tiling. We recall that a kite and dart tiling is 
a tiling of the plane by kites and darts that obey the matching rules shown in Figure [5] 
(cf. [10\ [TT] and the book by Senechal [H] for a review on quasilattices and nonperiodic 
tilings). There are uncountably many such tilings and each of them is nonperiodic. 
Notice that the kite and dart can never be joined to yield a thick rhombus, namely 
the configuration in Figure [2] is not allowed. Consider now the vectors Y^ and their 




Figure 5: Matching rules for the kite and dart tiling 

opposites —Y^, with /c = 0, . . . ,4. For each vector Y^ let be the kite such that, in 
the notations of Figure [21 E coincides with the origin and A — E = Y^ . We obtain in 
this way a star of five kites. Analogously denote by the kites corresponding to the 
vectors —Y^, thus obtaining a star of kites rotated by 7r/5 with respect to the first one. 

Let us now consider any kite and dart tiling T with kites having longest edge of 
length 1. Denote by AB one edge of the tiling T- From now on we will choose our 
coordinates so that A = O and so that B — Ais parallel to Yq with the same orientation. 
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Proposition 2.2 Let T be a kite and dart tiling with kites having longest edge of 
length 1. Then each kite of the tiling is the translate of either a A^, A; = 0, . . . , 4 or a 
A^, fc = 0, . . . ,4. Moreover each vertex of the tiling lies in the quasilattice R. 

Proof. The argument is very simple. Let C be a vertex of the tiling that is different 
from and the above vertex B. We can join B to C with a broken line made of 
subsequent edges of the tiling. We denote the vertices of the broken line thus obtained 
by Tq = A,Ti = B, . . . ,Tj, . . . , T„^ = C. The angle of the broken line at each vertex Tj 
is necessarily a multiple of 7r/5 (see Section [T|). Therefore each vector Vj = Tj — 
is either one of the vectors ±Y^, k = 0, ... ,4, to account for the edges of length 1, or 
one of the vectors ±{Y^ +¥^^2)^ k = 0,. . . ,4 (here = Yq and Yq =Y{), to account 
for the edges of length l/cj). Since C — A = Tm. — Tq = Vm + ■ ■ ■ + Vi our assertion is 
proved: the vertex C lies in R and each kite having C as vertex is the translate of one 
of the ten kites A^ and A^ , A; = 0, . . . , 4. □ 

Remark 2.3 Recall from \\.4\ Chapter 6, Section 1] that a kite and dart tiling gives rise 
to a rhombus tiling and viceversa. This can be done by bisecting the tiles into isosceles 
triangles and then by composing these triangles into thin and thick rhombuses. A 
subdivided kite will become part either of a thick rhombus and a thin rhombus, as 
shown in the local configuration (a) in Figure [6l or of two thick rhombuses, as shown 
in the local configuration (b). It can never become part of two thin rhombuses, this is 
forbidden by the matching rules. All vertices of a rhombus tiling are contained in the 
quasilattice R (cf. [21 Proposition 1.3]). 




(a) (b) 
Figure 6: Passing from a kite and dart tiling to a rhombus tiling 

3 The Generalized Delzant Procedure 

We now outline the generalization of the Delzant procedure to nonrational simple con- 
vex polytopes [12]. For the definition of quasitori and their Hamiltonian actions we 
refer the reader to the original article [12], while for the definition of quasifolds and 
related geometrical objects we refer to the Appendix. 
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Let us now recall what a simple convex polytope is. 

Definition 3.1 (Simple polytope) A dimension n convex polytope A C (M")* is 
said to be simple if there are exactly n edges stemming from each vertex. 

Let us now consider a dimension n convex polytope A C (M")*. If d is the number of 
facets of A, then there exist elements Xi, . . . , in M" and Ai, . . . , in M such that 

A=f]{^,e{Rn*\{^^,x,)>x,}. (3) 

Definition 3.2 (Quasirational polytope) Let Q be a quasilattice in M". A con- 
vex polytope A C (M")* is said to be quasirational with respect to Q if the vectors 
Xi, . . . , Xd can be chosen in Q. 

All polytopes in (M"")* are quasirational with respect to some quasilattice Q; it is enough 
to consider the quasilattice that is generated by the elements Xi , . . . , X^ in ([3]) . Notice 
that if the quasilattice is a honest lattice then the polytope is rational. 

In our situation we only need to consider the special case of simple convex polytopes 
in 2-dimensional space. Let Q be a quasilattice in and let A be a simple convex 
polytope in the space (R^)* that is quasirational. Consider the space endowed with 
the standard symplectic form ujq = J2j=i dzj A dzj and the standard action of the 
torus T'^ = M'^/Z'^: 

r: T'^ X C"' — > & 

((e2^^^i,...,e») , z) ^ {e^^'^'zi,...,e'^^''^'^Zd). 

This action is effective and Hamiltonian and its moment mapping is given by 

J: & ^ (M'^)* 

z 1 — > J2j=i \zj?^*j + ^ ^ (^'^)* constant. 

The mapping J is proper and its image is the cone = A + Q, where Q denotes the 
positive orthant in the space (M'^)*. Now consider the surjective linear mapping 

tt: M"^ — 

Consider the dimension 2 quasitorus D = M^/Q. Then the linear mapping vr induces a 
quasitorus epimorphism 11 : T'^ — > D. Define now to be the kernel of the mapping 
n and choose A = J2'j=i Denote by i the Lie algebra inclusion Lie(A^) — )■ M*^ and 

notice that ^' = i* o J is a moment mapping for the induced action of N on C^. Then 
the quasitorus T'^/N acts in a Hamiltonian fashion on the compact symplectic quasifold 
M = ^'-^(0) /N. If we identify the quasitori D and T'^/N using the epimorphism 11, we 
get a Hamiltonian action of the quasitorus D whose moment mapping has image equal 
to (7r*)^^(CA n kevi*) = {7r*y^{Cx n imvr*) = (7r*)^^(7r*(A)) which is exactly A. This 
action is effective since the level set ^~^(0) contains points of the form z G C^, Zj ^ 0, 
j = 1, . . . ,d, where the T'^-action is free. Notice finally that dimM = 2d — 2dimA^ = 
2d-2{d-2) =4 = 2dimD. 
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Remark 3.3 This construction depends on two arbitrary choices: the choice of the 
quasilattice Q with respect to which the polytope is quasirational, and the choice of 
the inward-pointing vectors Xi, . . . , Xd in Q. 

Remark 3.4 It is easy to show that if the vectors Xi, . . . ,Xfi are generators of the 
quasilattice Q, then = exp(n) and is therefore connected. 

4 The Kite from a Symplectic Viewpoint 

Let us apply the generalized Delzant procedure to the kite Aq". Let us label its edges 
with the numbers 1, 2, 3, 4, as in Figure[71 Our choice of inward-pointing vectors is given 








Figure 7: The kite 

by Xi = —Yi, X2 = Y2, Xs = —Ys, X4 = Y4. Remark that the vectors Xi,X2,Xs,X4 
generate the quasilattice Q defined by ([2]), and that the kite is quasirational with 
respect to Q. It is easy to see that the constants Ai, . . . , A)4 in [3] are given by Ai = 
A4 = —^^72 + (j), and A2 = A3 = 0. Let us consider the linear mapping defined by 

vr: M"^ ^ 

a ^ Xi. 

Consider now the subgroup N = { exp(X) G | X G M^, 7r{X) G Q }. It is easy to see, 
using the relations 

Y2 = -^1 - m 

Ys = -<t^Yi - Yi, 
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that its Lie algebra is given by 

n={x eM.'^lX = {-s + (t)t,s,t,-t + (l)s),s,teR}. 
Therefore, by Remark 13.41 we have that 

N = exp(n) = I exp(X) G | X = (-s + (pt, s,t,-t + cps) ,s,t 
We will be needing the following bases for n 

={(i,iMi,o),(-iMiMo,i)} 

i?34 ={(1,0,1M-1/,^),(0,1,1/<^,1)} 

and the following identity for the golden ratio 

Let us consider ?/^, the moment mapping of the induced A^-action, and let us write it 
down in two different ways, relatively to the two different bases above: 

^(^1,^2,^:3,^4) = f |2:i|^ + ^|2;2p + - 00-, -^l^ip + ^1^21^ + |2;4p - ^) (4) 



|2 , 1 I |2 ^ I |2 I |2 , 1 I |2 I I |2 j\ /r-N 

Zl\ +-\Z3\ --1-241 - -,\Z2\ +-\Z3\ + \Z4\ -Ucj)) (5) 
(f) (j) 4> (f) ) 

where we write a = + (\> for brevity. 

According to the generalized Delzant procedure, the quotient space M'^ = ^'~^(0)/A^ 
is the quasifold associated to the kite A^. The quasitorus = M^/Q acts on 
in a Hamiltonian fashion, with image of the corresponding moment mapping yielding 
exactly the kite Aq . 

The atlas that defines the quasifold structure of Mq is given by four charts, each 
of which corresponds to a vertex of the kite. We will describe just two of them. 

First consider the vertex that is the intersection of the edges labeled 1 and 2. 
Consider the open subset of given by 

Ui2 = I izi,Z2) G I l^ip + ^|z2p < 4>cr, + |z2p < crj . 

We now use ^ to construct the following slice of ^'^^(0) that is transversal to the 
A^-orbits 



Uu ^ {ze^-\0) I Z3 ^ 0,^4 7^0} 

(2:1,22) I > (21,22, y^(/>0- - |2i|2 - 1|22|2, + \zi\ 

which induces the homeomorphism 

f^i2/ri2 U12 

[(^1,22)] I > [fi2(2i,22)] 



2-|22|2 
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where the open subset U12 of Mq~ is the quotient 

{lG^"i(0)|z3/0,Z4/0}/iV 
and the discrete group is given by 

= { (e-'"'i^ e2"'i('^+'=) eT^\h,kez}. (6) 

The triple {Ui2,ti2,Ui2/^12) defines a chart for Mq . 

To construct a second chart we consider the vertex that is given by the intersection 
of the edges 3 and 4. Consider the open subset of given by 

C/34 = I (2:3, Z4) G I \z3\'^ - |2;4p < a, -^l^sP + < o-(/> I . 

We now use ^ to construct the foUowing shce 

C/34 ^ ke^'Ho ) I / 0, 22 / 0} 

(23,^4) I — > - l^3p + \zi?), -^cFcf) - ^|z3p - |2;4p,^;3,^;4) 

which induces the homeomorphism 

[(23,2:4)] 1 > [f34(2;3,2;4)] 

where the open subset C/34 of Mq is the quotient 

{2G ^-1(0) I zi^0,Z2^0}/N 
and the discrete group r23 is given by 

r34 = { (e2^^i('^+'^), e-'"'i^) eT'\h,kez}. 

This yields our second chart (C/34, r34, C/34 /r34). The two other charts are constructed 
in a similar way. 

In order to show that the four charts are compatible we need to show that the 
changes of charts are well defined for each pair of overlapping charts. Let us see this in 
detail for the pair of charts U12 and C/34. We prove that for each m G U12 D C/34 we can 
take as subset U1234, of Definition I A. 131 the connected open subset U12 H C/34. Observe 
first that 

TuHUu n c/34) = {izi,Z2) G C7i2 I Zi / 0, Z2 / 0}/ri2 
and that, in the same way, 

r34iUi2 n c/34) = {(^3, Z4) e c/34 U3 / 0, Z4 / 0}/r34. 
Let us introduce 

Vl2 = {{zi,Z2) €Ul2\ Zi^0,Z2^0} 
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and 

V34 = {(^^3, Za) G {734 I 2:3 / 0, Z4 / 0}. 

We need to prove that the mapping 

°Tl2- Vl2/ri2 > V'34/r34 

is a diffeomorphism of the universal covering models of the given models Fi2/ri2 and 
V34/r34. This means, by definition of model diffeomorphism, that o T12 lifts to 
a diffeomorphism between the appropriate open subsets of M^. The set V12 has first 
fundamental group isomorphic to Z x Z and its universal covering is the open subset 

Vu = [iPi,0i,P2,O2) G (M+ X M)2 I |pi|2 + i|p2|2 < 0a, -jpip + \p2\^ < a I . 
The discrete group — Z^ acts on in the following way: 

r«2 X vl, (7) 

{m,n,h,k) x 6*1, /32, 6I2) I ^{pi,Oi - + m, p2,62 + ^ih + k) + n). 

This action on vf2 satisfies the hypotheses of Definition lA.ll The group is an 
extension of the group ri2 by the group Aut(y^2l^i2) 

1 ^ Aut(F/2|Vl2) ^12 — ^ ri2 — > 1. 

Therefore V^i2/r52 is the universal covering model of Vi2/ri2- Analogously we consider 
the universal covering model of V34/r34 given by the quotient of the open set 

Vl = |(p3,^3,/>4,^4) G (K+ X R)2 I pI - |p4|2 < a, ^pI + |/?4p < CT,^| 

by the following action of the group Tg.^ ~ Z^: 

rL X y-L vL (8) 

{m,n,h,k) x (p3, 6*3, /54, ^'4) I ^ (P3, 6*3 + ^(/^ + ^) + P4, 6*4 - ^h + n). 

The mapping {t.^^^ o T12)'' 

4 vL 

{pi,ei,p2, 92) I — - {^ct>a -pi- \pI + 02), v/iC^ + pf-z'i)' - ^2) 

is a diffeomorphism. In particular, it is a lift of t^I 0T12, namely the following diagram 
is commutative: 



Vl ^ Vl (9) 



(T34'ori2)« 

T/tt /ptt T/tt /-pt) 

^12/^12 ''34/-'- 



'34/-^ 34 

This shows that the two charts are compatible. 
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Remark 4.1 The group isomorphism F : ~^ that makes {t^^oti2)'^ equivariant 
is given by F{m, n, h, k) = {—k, —n — h,k — m, —n). This imphes that {t^^ 0x12)^ is not 
equivariant with respect to the actions of Aut(V\2l^i2) and Aut(V34| V34). Therefore 
there does not exist a mapping {t^^ o T12) that makes the below diagram commutative 



12 



V12 



(r3-/ori2)« 



(Ta/oTia) 



34 



We proceed in the same way for the other pairs of overlapping charts. The four charts 
turn out to be compatible, thus defining on a quasifold structure. 

We now describe explicitly the symplectic structure on Mq induced by the reduction 
procedure. To define a symplectic structure on a quasifold we first need to define 
a symplectic structure on each chart, and then require that the different structures 
behave well under changes of charts. Consider, for example, the chart U12 — Ui2/^i2- 
A symplectic form here is given by a symplectic form on U12 which is invariant under 
the action of ri2. We take the restriction of the standard symplectic form on to 
U12 and we denote it by oju- We do the same for the three other charts. Consider 
now the changes of charts, for example the one described above, and let and 
be the pullbacks of the forms U12 and £^34 to and V34 respectively. It is easy to 
check that the pullback of oj^^ via the mapping {t^^ o ti2)'^ is exactly the form uj\2- 
The same argument applies to the other changes of charts. This symplectic structure 
is the one that is induced by the reduction procedure, namely the pullback of uj via the 
projection to the quotient coincides with the pullback of the standard form on via 
the inclusion mapping: 

^~\0)^ -C^ 



5 Global Symplectic Interpretation of a Kite and Dart 
Tiling 

Recall that we denoted by Mq the symplectic quasifold associated to the kite A^J". 
Consider the ten distinguished kites and A^, k = 0, ...,4. Notice that each of 
these kites has a natural choice of inward-pointing orthogonal vectors; these are — Ifc+i, 
Yk+2, -Yk+3, Yk+A for A+, and Yfc+i, -¥^+2, >fc+3, -^fc+4 for A~. Consider now a 
kite and dart tiling with longest edges of length 1. Remark that, by Proposition 12.21 
in our choice of coordinates, each of its kites can be obtained by translation from one 
of the 10 kites A^ and A^. We can then prove the following 

Theorem 5.1 The compact connected symplectic quasifold corresponding to each kite 
of a kite and dart tiling with longest edges of length 1 is given by . 
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Proof. Observe that, for each /c = 1, . . . , 4, there exists an orthogonal transformation 
P of leaving the quasilattice Q invariant, that sends the orthogonal vectors relative 
to the kite to the orthogonal vectors relative to the kite Aq", and such that the dual 
transformation P* sends the kite A^ to the kite A^. The same is true for the kites A^, 
with k = 1, ... ,4. This implies that the reduced space corresponding to each of the 
10 kites A^ and A^, with the choice of orthogonal vectors and quasilattice specified 
above, is exactly Mq . This yields a unique symplectic quasifold, Mq , for all the kites 
considered. Finally, it is straightforward to check that translating the kites A^ and 
A^ does not produce any change in the corresponding quotient spaces, therefore, by 
Proposition 12.21 we are done. □ 

Remark 5.2 We recall that, with our choices of quasilattice and inward pointing vec- 
tors, we obtain a unique symplectic quasifold Mq for any tiling having the same edge 
lengths. We suggest a modification of our approach that allows one to distinguish be- 
tween different tilings. In [6] De Bruijn gives a construction that associates to each suit- 
ably regular point of the hyperplane H = |(7o, • • • ,74) S | X]j=o7i = o| a unique 
Penrose rhombus tiling and therefore a unique kite and dart tiling. Let us consider a reg- 
ular point (70, ... , 74) in H. By ^ Theorem 9.2] it is always possible to assume, up to 
translation of the corresponding tiling, that 7^ > for j = 1, 2, 3, 4 and 70 < 0. We can 
therefore apply the generalized Delzant procedure to any kite of the corresponding tiling 
with respect to the quasilattice that is generated by {—7o^O) 7i^i) 72^2, 73^3) 74^4}- 
With this choice the corresponding symplectic quasifold does keep track of the quintu- 
ple (70, . . . ,74) that characterizes the kite and dart tiling. We plan to investigate this 
approach in future work. 

6 The quasifold Mq is not a global quotient 

The present section is devoted to the proof of the following theorem: 
Theorem 6.1 The quasifold Mq is not a global quotient. 

For the proof we need some intermediate results that are better proved in a more 
general and simple context. These results are summarized in the following Lemmas 
and Remarks: 

Lemma 6.2 Let {U /T,p, U) and {V/A, q, V) be two models and let / be a diffeomor- 
phism of their universal covering models. Suppose that U is simply connected and that 
there exists a point uq £ U such that the isotropy of T at uq, Tuq, is the whole group F. 
Then V is itself simply connected, / is a diffeomorphism between the two given models 
and F and A are isomorphic. 
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Proof. By hypothesis we have the following diagram: 




U V 



p g 

By Lemma [A.4I we have an isomorphism F : F — )■ that makes the lift equivariant. 
Denote by Vq the point /^(uq). Take 7 G F; we have, by assumption, 7U0 = uq, therefore 
/«(no) = f^juo) = F{-f)f\uo). Hence F: F A\ and A« = We therefore have 
the following commutative diagram: 

:. 

1 ^ Aut{V^V) Att ^ A ^ 1 



which implies that Aut(y^|y) is trivial. Therefore V is itself symply connected and / 
is a diffeomorphism between the two given models. This also implies that T and A are 
isomorphic. □ 

Lemma 6.3 Let {U/T,p,U) and {V/A,q,V) be two models, and let (^7V^^po7^, i/^') 
and {V'^/A^jq o p,V^) be two covering models (here and are not necessarily 
simply connected). Let f : U /T — t- V/A be a homeomorphism such that there are a 
diffeomorphism fi: U V and a diffeomorphism /2 : C/^ — )• V"^ that are both lifts of 



/. Then po descends to a diffeomorphism /2 : U 
such that f2 = S ■ fi. 



Proof. Consider the diagram: 



V. Moreover, there exists 5 G A 



Ft 



u- 



fl 



V 



ij/T—^V/A 
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where fl is a hft of / o vr to U^; such a hft exists since (/i o 7ru)*(7ri([/"^)) C 'rTi{V) 
and is a diffeomorphism. By Lemma lA.41 there exists 6^ G A^^ such that fl = 6^ ■ f^- 
Therefore p o /| descends to a diffeomorphism /2 : U ^ V and there exists (5 G A such 
that A = 5-/2. . □ 

Remark 6.4 Let {U/T,p,U) and (y/A,g,'i/) be two models, let (C/Vr^povr, C/f ) and 
(y''/A^,(/o p,V'^) be their universal covering models, and let /: [/"/F'* — > y^/A" be 
a diffeomorphism. Let f'^:U'^ — ?• be the lift of /. Now take an open connected 
subset Ui C U /r. Let {Ui/Ti,pi,Ui) be an induced model. Denote by i the inclusion 
Ui ^ U, suppose that Fi = F and that : 7ri([/i) — t- tti(U) is an isomorphism. Then 
Tr~^{Ui) is the universal covering of JJi and tt~^ (Ui) /T^ is the universal covering model 
of Ui/T. 

Lemma 6.5 Let {U/T,p,U) and {V/A,q,V) be two models, let (C/f/F^povr, Jj") and 
{VyAi,qo p,V^) be their universal coverings models and let /: U^/T"^ — > V^^/A" be 
a diffeomorphism. Let f/i/Fi C f7/F be as in Remark 16.41 and let /f be the restriction 
of to 7r~^(i7i). If p o descends to a diffeomorphism /i : f/i — )■ (/O o /i)(7r^^(f7i)), 
then /9 o /" descends to a diffeomorphism / : U ^ V. 

Proof. Let F : F* ^ A» be the group isomorphism that makes equivariant. Then 
the group isomorphism Fi that makes fl equivariant is the restriction of F to f}; how- 
ever, f} = Ftt, therefore F = Fi. By assumption, Fi : Aut(7r-i(i/i)|c7) Aut(y/|yi) is 
an isomorphism. On the other hand, we can deduce from Aut(7r~^(C/i)|C/) = Aut{U'^\U) 
that F : Aut(C/», U) Aut(T/», V) is an isomorphism. The existence of / then follows. 
□ 

We are now ready to prove the main result: 
Proof of Theorem 16.11 We need to prove that there does not exist a quasifold dif- 
feomorphism / from onto a global quotient = N/ A. Suppose that such a diffeo- 
morphism / exists and let us show that this leads to a contradiction. Let G C/i2nC/34 
and let = f{m}). First of all observe that, if W is an open subset of contain- 
ing m} and such that W12 = (ri2 °P2,i)~^{W) is a product of two open annuli, then 

C [/12 n [/34, and 

W^A = {ri2op^i)-\W) 

is itself a product of two open annuli. Moreover, = T^i-li^i^) is the universal 
covering of l^i2 and so is = vr;^^(W34) with respect to W34. Therefore the change 
of charts g = T34or{^^ lifts to a diffeomorphism g\jY from onto W34, which is simply 
the restriction to of the change of chart (7" : V12 ^4- It is crucial to notice that, 
by Remark |4.H TT34,og^ does not descend to a diffeomorphism g from W12 to W34. Our 
strategy to prove that the diffeomorphism / cannot exist is to show that, if it does, then 
g exists, leading to a contradiction. Consider first the chart U12, take a point (zl, Zg) G 
V12 such that (ti2 o pi2){izl, zD) = and denote by the point (ti2 opx2)(0). The 
curve t{zl,Z2), with t G [0,1], projects to m* = (ti2 o pi2){t{zi, z^))- Notice that we 
can deduce from ([6]) that any Fi2-invariant open subset of V12 containing the point 
{zl^zD must contain the product of circles {{zi,Z2) G V12 I \zi\ = \zi\, \z2\ = \zi\}. Let 
us now take our diffeomorphism / : Mq — )• N. By Definition IA.24| Remark IA.25I and 
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Proposition I A. lOj for each t G (0, 1] we can choose a connected open subset W around 
m* such that (ri2 o P34:)~^{W) is a product of two open annuh and / o ri2 : Tj^ (W) — )• 
f{W) is a diffeomorphism of the universal covering models of the induced models. 
When t = the open set W can be chosen in such a way that (ri2 o P34)~^{W) is a 
product of two open disks. We can cover the curve mt by a finite number of such VFj's. 
Let us denote this covering by Wj, j = 0, . . . , /c, where Wq is a product of open disks 
and Wj n Wj+i / 0. 

It is convenient now to divide the last part of the proof in successive steps: 
Step 1: We start by considering Wq. Notice that the isotropy of at is exactly 
ri2. Therefore, by Lemma 16.21 we can conclude that the homeomorphism ho = /ori2, 
defined on t{^^(VFo), is a diffeomorphism from the model (ri2 o Pi2)~^ {Wq) /T12 onto a 
model induced by f(Wo) C N/A. 

Step 2: Consider the homeomorphism hi = /ori2 defined on t{^^(VFi). By construction 
hi is a diffeomorphims of the universal covering models of the induced models. We 
therefore have a diagram of the kind: 



wf — 

TTl 

Wi 
Pi 

ru\Wi) 



V 



pi 



Vi 



Qi 



f{Wi) 



Consider the restriction of hi to {Wq H Wi). This restriction admits a lift, defined 
on (tti op;^)~^(r{^"^(VFo n Wi)), which is simply the restriction of h\. By Remark I A. 6 1 all 
of the models induced by /{Wq H Wi) C N/ A are diffeomorphic. Then, by Step 1, the 
restriction of hi admits another lift; this one is the restriction to Pi^ {ti2 i^o ^ ^1)) of 
the lift of /iQ. Therefore, by Lemma [6. 3 ^ the restriction of pioh\ to (vriopi)~^(T]^^(Won 
Wi)) descends to a diffeomorphism defined on p^^ {'''12^ {Wq D Wi)). 
Step 3: Consider Wq n Wi C Wi. We are now in the position of applying Lemma [631 
to the homeomorphism /0T12 defined on T^{Wi), which is therefore a diffeomorphism 
of the model {tu o Pi2)~^{Wi)/Ti2 to a model induced by f{Wi) C N/Ta-i^. 
Step 4: By applying Step 3 to the other successive intersections we show that / o T12 is 
a diffeomorphism of the model {Ti2opi2)~^iWk)/Ti2 onto a model induced by f{Wk) C 
N/A. 

Step 5: By applying Steps 1 to 4 to the chart C/34 we show that /or34 is a diffeomorphism 
of the model (T34 op34)~i(VFfc)/r34 to a model induced by f{Wk) C N/A. Notice that, 
by Lemma lA.lOl in the two processes we can choose the same Wk- 
Step 6: Combine Steps 4 and 5. More precisely, consider the composition (/ o T34)^^ o 
(/ ° T12) = Tj^4 o Ti2. This is a diffeomorphism of the model (ri2 o Pi2)~^ (Wk) /T12 to 
the model (r34 o p34)~^(l^^,)/r34. Such a diffeomorphism cannot exists, as observed in 
Remark [JTTl □ 
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A Appendix 

We now recall from the original article [12] the basic definitions and results on quasifolds and 
related geometrical objects. For some of them we give a reformulation that is suitable for 
treating questions that arise in the study of difFeomorphisms between quasifolds. 

Definition A.l (Quasifold model) Let ?7 be a A:-dimensional connected smooth manifold 
and let F be a discrete group acting by diffeomorphisms on U so that the set of points, Uq, 
where the action is not free, is closed and has minimal codimension > 2. This implies that the 
set U\Uo, where the action is free, is open, dense and connected. Consider the space of orbits, 
f//F, of the action of the group F on U, endowed with the quotient topology, and the canonical 
projection p : U ^ U /F. A quasifold model of dimension k is the triple {U /T ,p,U), shortly 
denoted U/T. 

Definition A. 2 (Diffeomorphism of models) Given two models {U/r,p,U) and 
[V / A,q^V), a homeomorphism /: U/T — > V/A is a diffeomorphism if there exists a dif- 
feomorphism / : U — > V such that q o / = / o p; we will then say that / is a lift of /. 

If the mapping / is a lift of a diffeomorphism of models f : U /T — > V / A so are the mappings 
/'^(— ) = /(7 • — ), for all elements 7 in F, and */(— ) — 5 ■ /(— ), for all elements 5 in A. We 
recall from [12j the following fundamental Lemmas: 

Lemma A. 3 (Uniqueness of lifts) Consider two models, U /F and V/A, and let / : U /F — > 
y/A be a diffeomorphism of models. For any two lifts, / and /, of the diffeomorphism /, there 
exists a unique element 5 in A such that f ^ ^ f ■ 

Lemma A. 4 (Equivariance of lifts) Consider two models, U /F and V/A, and a diffeomor- 
phism f : U /T — > V/A. Then, for a given lift, /, of the diffeomorphism /, there exists a group 
isomorphism F : F — > A such that /'•' = ^^''\f, for all elements 7 in F. 

Definition A. 5 (Smooth mapping between models) Given two models {IJ/T,p,IJ) and 
{V / A, q,V), a continuous mapping f : U /T — > V/A is said to be smooth if there exists a 
smooth mapping /: U — > V and a homomorphism F : T ^ A such that f{"iu) = F{'j)f{u); 
we will then say that / is an equivariant lift of /. 

Remark A. 6 (Induced model) Let {U /T,p, U) be a model. If is a connected open subset 
of the quotient U /F, then p~^{W) has countably many connected components; for any two of 
them there is a 7 € F that takes the first one diffeomorphically onto the second one. Let 
W be a connected component of p~^{W), let F^ = {7 g F | ^{W) = W} and let p^ = 
P\^\ then (W^/F^,p^y, F^^) is a model and W /T.^ is homeomorphic to W. We will say that 
(W /Vt^,P^,T^) is a model induced hy W <Z U /F. Notice that the models induced hy W <Z 
U/T are all diffeomorphic. 

As in jl2j . the following definition is crucial for defining quasifold structures: 

Definition A. 7 (Universal covering model) Consider a model of dimension fc, 
{U /T,p,U). Let TT : U'^ U he the universal covering of U and let Ant{U'^\U) he the group 
of covering automorphisms of [/" — )■ IJ. Then Aut{U^\U) acts on in a smooth, free and 
proper fashion with U = U^ Aut{U^\U). Consider the extension of the group F by the group 
Ant{U*\U) 

1 — > Aut{U^U) — >T^ — ^ F — ^ 1 
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defined as follows 

r» = { 7« G mS{U^) I 3 7 e r s. t. 7r(7«(u«)) = 77r(J) yJeU^}. 

It is easy to verify that acts on f/'* according to the assumptions of Definition I A. II and that 
U/r = U^/rK If = po TT we will say that the triple {U^/T'^,p^, [/") is the universal covering 
model of (C//r,p, U). 

Remark A. 8 (Uniqueness of the universal covering model) If {U /T,p,U) is a model, 
then the uniqueness of the universal covering implies that the universal covering model is 
unique up to diffeomorphisms. 

Remark A. 9 Let {U /T,p, U) be a model and let ly be a connected open subset of the quotient 
U /T. For simplicity, in the sequel, instead of writing universal covering model of a model induced 
by W <Z U /T we will write universal covering model induced by W d U /T. 

Proposition A. 10 (Restriction property of C°° mappings) Let f-.U/T — > V/A be a 
smooth mapping (a diffeomorphism), let W C V/A be a connected open subset and let Wf be 
a connected component of f~^{W). Then the restriction of / : Wf — !• is a smooth mapping 
(a diffeomorphism) from any model induced by Wf C U /T to a corresponding model induced 
by W C V/A; moreover, it is a smooth mapping (a diffeomorphism) between the universal 
covering models of these induced models. 

Proof. Let {Wf /T f,pf, Wf) be a model induced by Wf C U/T. We can then choose a model 
{W /Aw, Aw,W) such that /: Wf — > W. Let F-.T^A the group homomorphism that 
makes / equivariant. Notice that, if 7 G F/ and w G Wf, then f{^w) = F{'^)f{w), which in 
turn implies that F : T f ^ Aw- Moreover, the restriction of / to Wf is a diffeomorphism if 
the mapping / is a diffeomorphism. This implies that the mapping / is a smooth mapping 
(diffeomorphism) between the induced models considered. Consider the universal coverings 



W. 



f 



Wf and pT/tt 



]^ . Since the fundamental group TTi{Wf) is trivial, the mapping 



/ o TT/ lifts to a mapping W'j: 
obtain the following diagram: 



^/j/S which is unique up to the action of Aut(iy''|H^). We 



Wl 



W^ 



Wf 



w 



Pf 



Wf — 

In order to prove the statement for smooth mappings we have to show that there is a group 
homomorphism ptt — Aj such that /** is equivariant. Let w be a point in Wj and let 

7" e F"; then nw{f^{j^w)) = / o TTf{j^w) = f{jTTf{w)) = F (j) f {tt f {w)) . Therefore there 
exists e Aj such that /"^{"f^w) = (5'/"(w) and • 7" and (5» • f arc both lifts of / o tt/ that 
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coincide at the point w. They are thus equal on W'^ by a basic result on coverings. This defines 

the required homomorphisni rt) Aj . If / is a difFeomorphism, then /' is a diffeomorphism 

and -F' is an isomorphism. □ 

Definition A. 11 (Differential form on a model) A k-differential form, oj, on a model 
(V /T,p,V) is the assignment of a fc-differential form, uj, on U that is invariant by the ac- 
tion of the group T. 

Definition A. 12 (Quasifold chart) A dimension k quasifold chart of a topological space M 
is the assignment of a quintuple {U,t,U ,p,T) such that J7 is a connected open subset of M, 
{U /T,p, U) defines a fc-dimensional model, and the mapping r is a homeomorphism of the space 
U/T onto the set U. 

Definition A. 13 (Compatible charts) Two charts (C^q, '''a, C/q,Pq, Tq) and 
{Up,Tj3,Ui3,pfj,T p) such that Ua C\U p ^ % arc said to be compatible if, for each x e n Uj^, 
there exists an open connected subset U^p C Ua HUis such that the homeomorphism 

is a difFeomorphism from the universal covering model induced by T^^{U^p) C Ua/^a to the 
universal covering model induced by Tp^{U^p) C Up/Tp. We will then say that the mapping 
gap is a change of charts. 

Definition A. 14 (Quasifold atlas) A dimension k quasifold atlas, A, on a topological space 
Af , is the assignment of a collection of compatible charts 

{{Ua,Ta, C/„,Pa,ra) \ a & A} 

such that the collection { [/q, | a e A } is an open cover of M. 

Definition A. 15 (Complete atlas) The atlas A is complete if each chart compatible with 
all of the charts in A belongs to A. 

Proposition A. 16 (Atlas completion) Let M be a topological space endowed with a quasi- 
fold atlas A. Then there exists a unique complete atlas containing A. 

Proof. This is a consequence of the two Lemmas that follow. □ 

Lemma A. 17 (Restriction of a change of charts) Let M be a quasifold, with quasifold 
structure given by the atlas A — {Ua, a e A}. Let a, /3 be in A such that Ua Ci Up ^ 0. Then, 
for each x £ Ua Ci Up and for each connected open subset W of U'^^, the homeomorphism 

g^p = o Ta : T-\W) rp\W) 

is a a diffeomorphism from the universal covering model induced by t^^{W) C Ta^iUap) to 
the universal covering model induced by r^^(W/) C Tp'^iU^p)- 

Proof. This is a consequence of Proposition lA.lOl We give the details in order to estab- 
lish some notation that will be useful later. By definition of compatible charts we have the 
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diffeomorphism of the universal covering models: 

(TJX \i "atl,^ 



U: 



a/3 



TJX 



U: 



Pa 



(10) 



9c^ 



where iU^i3/Ta,x,Pa,x,U^p) is a model induced by U^^ C Ua and iUp^/ri3^x,Pp,x,U^J is a 
model induced by [/^^ C Up. Consider a model induced by C f/^^ C C/q, with Wa C ?7^^: 

Now, refering to diagram (jlOp . apply Proposition IA.IOI to the diffeomorphism g^B and to the 
open subset t^^{W) C T^^{U^p). More precisely, we will have to consider the following items: 

a connected component, W^^, of T^ap xi^a)', the corresponding connected component, Wjj^, 

via ^; the restriction, of ^ to M^j^; the connected component Wp = TTafs^xiWp) 

of p^^(W^) which yields a model, {W/3/Tj3^w,Pi3,w,W/3), induced by C U^^ C Up. We then 
get the diagram 

J . 

(11) 



Pc.,W 




Vft.w 



where VF^^ — >■ W^^^ and W^^ — )• are universal coverings and the diffeomorphism is 
the lift of g^^p ^y. This proves the lemma. □ 
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Lemma A. 18 (Mutual compatibility) Given a quasifold atlas ^ on a topologieal space M, 
we have that, if Ua and Up are charts that are compatible with all of the charts of A and such 
that Ua Up ^ 0, then they are mutually compatible. 

Proof. Consider x S Ua H Up; then there exists a chart U(^ in A containing x. By assumption, 
this chart is compatible with both Ua and Up. Let U^^ and Up^ be as in Definition IA.14I and 
let us define U^p to be the connected component of U^c^dUp^- containing x. To Ughten notation 



let us denote U^p by W. By Lemma [A. 171 the homeomorphisms 



9aC ■ 



and 



9CP 



~^{W) — > Tp ^{W) Uft to diffcomorphisms 



and 



Here W, 



9. 



aC,W 



W. 



aC 



■ ■.Wl 



9cp,w ■ "CP ' "PC- 



Wl 



Ca 



^la 



Wca and W^^ W^^ Wcp are universal coverings of Wca and Wcp 
respectively. Then, by Remark lA.61 there exists 7 S F^^^: such that ^{Wca) — Wcp- If we 
consider its lift to the universal coverings we obtain the diagram: 



Ca 



Wco 



w, 



CP 



w, 



(12) 



CP 



Wcp 



Finally, we obtain a lift of the homeomorphism gap '■ '^{W) — > "^{W) by the following 
composition of diffcomorphisms: 

9lp,w°^^ °9lc,w (13) 

□ 

Definition A. 19 (Quasifold structure) A quasifold structure on a topological space M is 
given by the assignment of a complete atlas. 

Remark A. 20 To each point m G M there corresponds a group Fm defined, up to isomor- 
phisms, as follows: given a chart (Ua, Ta, Ua/^a) around m, Fm is the isotropy group of Fq, at 
any point u G Ua which projects down to m. The isomorphism class of the group Fm docs not 
depend on the choice of the point u and of the chart. If all the F„i's are finite, then M is an 
orbifold; if they are trivial, then M is a manifold. 



Proposition A. 21 (Global quotient) Let M be an n-dimensional connected smooth man- 
ifold, and let F be a discrete group acting by diffcomorphisms on M in such a way that the set 
of points, Afo, where the action is not free, is closed and has minimal codimension > 2. The 
quotient Af/F is an n-dimcnsional quasifold. We will say that M /T is a global quotient. 
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Proof. The quotient M ~ M /T is a model and is a quasifold covered by one chart. We 
remark that, if C M is an open subset, then a model induced by C M is obviously a 
chart compatible with M/T. Of course intersecting open subsets yields pairs of compatible 
charts. □ 

Definition A. 22 (Differential form) Let M be a quasifold with quasifold structure given by 
the atlas A ~ {Ua,c( G A}. A k -differential form, uj, on M is the assignment of a fc-differential 
form on Ua that is invariant by the action of Fq, for each a d A. Moreover, the (^q's must 
behave well under changes of charts: ii Ua Ci Up ^ ^ and x € UaCiUp, then 

<lS,a:^a = (sl/J,^)* ° T^*pa,a:i^ p) (14) 

on {U-p)K 

Remark A. 23 (Properties of differential forms) Let M be a quasifold with structure de- 
fined by an atlas A. Given a form, uj, on A the local forms are defined on all of the charts of 
the completion of A 

Definition A. 24 (Diffeomorphism) A diffeomorphism, f, from a quasifold M, defined by 
the atlas A, to a quasifold N, defined by the atlas B, is given by a homeomorphism / : M — > N 
with the following properties: for each x G M, there exist a chart {Ua,Ta,Ua/^a) containing 
X, a chart (Vf,, fc;,. A;,, Vf,) containing f{x), and an open subset Vab.x of Vf, such that f{x) G 
Vab,x C Vb, f~^iVab,x) C Ua and the homeomorphism 

K^ofoT^ : T-\f-\Vc.b,x)) ^ K\Vo.b.x) 

is a diffeomorphism from the universal covering model induced by T~^{f~^{Vab.x)) C C/q/Fq, 
to the universal covering model induced by k^^{Vab.x) C Vb/^b- The same holds for f~^. 

Remark A. 25 Let / : M ^ N he a diffeomorphism and let x be a point in M. The conditions 
in Definition IA.24I are satisfied for each pair of charts Ua' and Vb' compatible with A and B 
respectively and such that x € Ua' , f{x) G Vb' . This is an easy consequence of Froposition lA.lOl 
given a pair of charts Ua' and Vb' as above, we choose Va'b'.x to be the connected component 
of the open subset /([/„') H Vb' Vab,x that contains f{x). 

Proposition A. 26 (Diffeomorphism properties) If / is a diffeomorphism from a quasifold 
M defined by the atlas A, to a quasifold N defined by the atlas B, then, for each chart 
(Ua,Ta, Ua/^a) Compatible with A, the triple {f{Ua), /oTq, Ua/^a) is a chart in N compatible 
with the atlas B. 

Proof. If (C/q, Tq, Ua/^a) G Aisa chart, we need to prove that the triple (/(C/q), /oTq, Ua/^a) 
is a chart compatible with the atlas B. Let {Vp, k^jVp/ Ap) be a chart in B such that f(Ua) H 
Vg 7^ 0, let y G f{Ua) H Vg and consider and element x G Ua such that f{x) = y. Then, by 
definition of diffeomorphism, there exists an open subset Vap,x in Vp such that f~^{yap,x) C Ua 
and the homeomorphism 

kp^ O f OTa : T~^{f~^{Vap,x)) kp{Vap,x) 

is a diffeomorphism of the universal covering models of the respective induced models. This is 
exactly what is required for the two charts to be compatible. □ 

Definition A. 27 (Presmooth mapping) A presmooth mapping, /, from a quasifold M, de- 
fined by the atlas A, to a quasifold N, defined by the atlas B, is given by a continuous mapping 
/ : M — > N with the following properties: for each x G M, there exist a chart {Ua,Ta, Ua/^a) 
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containing x, a chart (Vf,, fcb, A(,, Vf,) containing /(x) and an open subset Vab,x of VJ, such that 
f{x) £ Vab.x C Vb, f~^(Vab.x) C [/q and the continuous mapping 

is a smooth mapping from the universal covering model induced by T^^{f^^{Vab,x)) C Ua/Ta 
to the universal covering model induced by kf^^ (Vab.x) C Vb/^b- 

Remark A. 28 (From presmooth mapping to smooth mapping) We have already no- 
ticed some differences between the definitions of smooth mappings and diffeomorphisms in 
the local case. Let us see what we have to add to the definition of presmooth mapping in order 
to obtain a smooth mapping. Let / be a presmooth mapping from a quasifold M , defined by 
the atlas A, to a quasifold N, defined by the atlas B. Take x,x' £ M, and, according to Def- 
inition rA_.271 take suitable charts {Ua,Ta,Ua/^a) and (Ua' ,Ta' ,Ua' /^a') in A, suitable charts 
{Vb,kb,Ab,Vb) and (V^ , k'l^, A'^,V^) in B, and V^b^x C Vb, Va>b',x' C V^. Let h be the mapping 
fc^^ o / o Tq and h' be the mapping fcj^^ o / o t^/. Suppose that Vab,x H Va'b'.x' 7^ 0, let W be 
a connected component of Vab.x H Va'b',x' and let Wf be a connected component of f~^{W). 
Let us apply Lemma lA.lOl to construct the diagram that follows (here we use the notation we 
introduced in diagram ([TT]) ): 



/it 




TaHWf) 










w 











(/l')t 




(15) 



If / were a diffeomorphism, by the uniqueness of the lift fLemma IA.3[) . we would have that 
there exists 5"^ in the group acting on W^ such that = {g^^^, o h'^ o {gj^^, yy^)^^)- In the 
case of smooth mappings the uniqueness of the lift is no longer guaranteed (an example in the 
orbifold case can be found in |5l Ex. 4.1.6b]). Therefore this gluing property has to be required 
in the definition. It ensures, for example, that the pullback of a form is well defined. 



Definition A. 29 (Smooth mapping) A smooth mapping f from a quasifold M, defined by 
the atlas A, to a quasifold N, defined by the atlas B, is a presmooth mapping such that, for every 
Vab,xi Va'b',x' as in Remark lA.28l and for each connected open component, W, of Vab.x C^Va'b'.x', 
there exists S'^ in the group acting on W^ such that = ^\glbr w ° ^'^ ° (ffla'.W/)"^)- 

Remark A. 30 Let AI and N be quasifolds, let / : M — >■ A be a smooth mapping and let w 
be a differential form on N. Then the pullback f*{oj) is a well defined form on M . 
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